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Diffraction of light at lateral inhomogenities is a central process in the near-field studies of
nanoscale phenomena, especially the propagation of surface waves. Theoretical description of this
process is extremely challenging due to breakdown of plane-wave methods. Here, we present and
analyze an exact solution for electromagnetic wave diffraction at the linear junction between two-
dimensional electron systems (2DES) with dissimilar surface conductivities. The field at the junction
is a combination of three components with different spatial structure: free-field component, non-
resonant edge component, and surface plasmon-polariton (SPP). We find closed-form expressions
for efficiency of photon-to-plasmon conversion by the edge being the ratio of electric fields in SPP
and incident wave. Particularly, the conversion efficiency can considerably exceed unity for the con-
tact between metal and 2DES with large impedance. Our findings can be considered as a first step
toward quantitative near-field microscopy of inhomogeneous systems and polaritonic interferometry.
I. INTRODUCTION
The two main experimental problems handled with
near-field microscopy are determination of electromag-
netic properties with sub-wavelength lateral resolution1–3
and studies of surface wave propagation4–6. In both prob-
lems, diffraction of light at lateral inhomogenities of elec-
tromagnetic properties plays a central role. Theoretical
description of such diffraction problems encounters con-
siderable difficulty. It is associated with broken trans-
lation symmetry and inefficiency of field expansion in
a plane-wave basis. For this reason, a large number of
works on ’quantitative near-field microscopy’7–9 focused
on diffraction in laterally uniform layered structures. The
most interesting case of laterally non-uniform systems
was approached only with numerical simulations10,11.
In this paper, we present and analyze an exact solu-
tion for plane electromagnetic wave diffraction at a linear
junction of materials with dissimilar surface conductivi-
ties σ1 and σ2 (Fig. 1 A). Such a junction can mimic a
lateral contrast of local electromagnetic properties that
is commonly studied in near-field experiments. At the
same time, this junction is a central object in experi-
ments with surface plasmon-polaritons (SPPs) in two-
dimensional electron systems (2DES)5,10,12. A termi-
nated edge of 2DES (σ2 = 0) is commonly used as a
mirror for plasmons6,11. It enables one to observe inter-
ference of tip-launched and edge-reflected SPPs, and to
extract their dispersion and damping. A contact between
2DES and metal (σ2 = ∞) is also commonly used as a
coupler between free-space photons and SPPs5,10,12. Re-
markably, such coupler can compensate arbitrarily large
momentum mismatch between light and SPPs as soon as
metal layer can be considered as infinitely thin.
Our exact analytical treatment reveals the spatial
structure of field near the edge. It has three compo-
nents with different length scales: free-field contribution
repeating the periodicity of incident wave; edge diffrac-
tion contribution demonstrating oscillatory decay at the
length order of free-space wavelength λ0, and 2D SPP
with wavelength λpl. Interference between these three
components produces decaying oscillatory fringes closely
resembling those recorded in near-field studies 2D mate-
rials5,10. Their period may considerably differ from plas-
mon wavelength, especially if the velocity of plasmon is
close to the speed of light.
We find that the amplitude coefficient of photon-to-
plasmon conversion being the ratio of SPP electric field
and that in an incident wave, depends on two dimen-
sionless parameters: angle of incidence α and product of
2DES conductivity and free-space impedance η = 2piσ/c.
For terminated edge of 2DES, the conversion efficiency is
a growing function of (η′′)−1 saturating at η → 0 to a
universal value
√
2 cosα. For metal-contacted 2DES, the
conversion efficiency grows as (η′′)−1/2 with reduction of
2DES conductivity, and can greatly exceed unity.
Our solution is based on the Wiener-Hopf technique
widely applied for wave scattering at (semi)bounded ob-
jects13–15. Our formal steps closely follow and exact solu-
tion for diffraction at a conductive metal sheet obtained
more than half a century ago16. Yet one should keep in
mind that the seminal work16 dealt with diffraction in a
physically different system, which is a terminated layer
of metal being thick compared to skin depth lsk but thin
compared to λ0. Such metal film is modelled by surface
impedance (Leontovich) boundary condition17 at each
side. The true 2d electron systems are thin compared to
both lsk and λ0, and modelled by a two-sided boundary
condition relating the discontinuity of magnetic field and
surface current. However, when it comes to formulation
of scattering equations, both problems become mathe-
matically equivalent18.
We manage to find closed-form expressions for the
Fourier components of diffracted field, which makes a
strong difference from Ref.16 where the fields were given
by hardly tractable integrals. We pay special attention to
the aspects being interesting to ’plasmonic community’,
namely, to plasmon launching efficiency. There exists
only one study19 of diffraction by the edge of 2DES us-
ing an analytical technique similar to Ref.16, but it was
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FIG. 1. Geometry of the diffraction problem (A) p-polarised
electromagnetic wave with wavelength λ0 = 2pi/k is incident
on the junction of 2d materials with conductivities σ1 and
σ2 at angle α = pi/2 − θ. Among other diffracted fields,
it generates surface plasmon polaritons with wavelength λpl
running away from the edge (B) Example of calculated field
ImEx(x, z) for scattering at terminated (σ1 = 0) 2DES with
conductivity 2piσ2/c = 0.2i + 0.02, θ = pi/4
limited to the cases σ2 = 0, σ1/c≪ 1, and the efficiency
of plasmon launching was not analyzed therein.
II. EXACT SOLUTION OF THE DIFFRACTION
PROBLEM
We proceed to an exact solution for scattering of plane
electromagnetic wave incident at angle θ = pi/2 − α
(Fig. 1) on the junction of 2DES with conductivities σ1
and σ2. The harmonic time dependence of all quantities
e−iωt is as assumed and will be skipped. The magnetic
field of the wave is directed along the junction of 2DES.
The particular choice of polarization is dictated by possi-
bility of TM plasmon excitation in materials with Drude-
like conductivity, Imσ > 020.
Integral equation for scattering is most simply derived
from fundamental solution of wave equation for scalar
and vector potentials in Lorentz gauge (Appendix A).
Physically, such equation states that net electric field
E(r) is the sum of incident field E0e
ikr and the field
due to induced currents in conductors. ’Induced’ fields
throughout all space are governed by currents in 2DES
solely, therefore it is sufficient to consider to write the
scattering equation only for z = 0 and only for x-
component of the field:
Ex(x) = E0 sin θe
ikxx−
− pi
kc
{
k2 + ∂2x
}∫ ∞
−∞
jx (x
′)H0(k|x− x′|)dx′, (1)
where H0 is the Hankel function of the first kind, jx(x)
is the electric current density, k = ω/c is the wave num-
ber, kx = k cos θ is the component of wave vector along
2DES, and c is the speed of light (Gaussian units will
be used throughout). The closure of scattering prob-
lem is achieved by relating current jx and net field Ex.
We adopt this relation in local form, jx(x) = σ(x)E(x),
where σ(x) = σ1ϑ(−x)+σ2ϑ(x) is the conductivity distri-
bution in 2DES, and ϑ(x) is the Heaviside step function.
In the absence of junction, the solution of diffraction
problem at 2DES with uniform conductivity σ1 would be
E
(1)
F (x) =
E0 sin θ
1 + 2piσ1c sin θ
eikxx. (2)
We will subtract this ’free-field’ contribution from the
net electric field for improved convergence of solution at
x→ −∞. To this end, we introduce a new field
E∗(x) = Ex(x, 0)− E(1)F (x), (3)
for which the scattering problem has the form
E∗(x) = − 1
2k
{
k2 + ∂2x
} [
(η2 − η1)
∫ ∞
0
E
(1)
F (x
′)×
×H0(k|x− x′|)dx′ +
∫ +∞
−∞
η(x′)E∗(x′)H0(k|x− x′|)dx′
]
.
(4)
Above, we have introduced the dimensionless 2DES con-
ductivity η(x) = 2piσ(x)/c21. It is instructive that ex-
ternal field E0 in Eq. 4 appears multiplied by contrast
of conductivity η2 − η1. Indeed, it is the dissimilarity
of junction materials that produces diffraction and near
fields.
Further, we shall assume that k has a small positive
imaginary part k′′: k = k′ + ik′′, k′ > 0, k′′ > 0. Phys-
ically, this corresponds to a weakly absorbing ambient
medium. Mathematically, this ensures the convergence
of solution as x→ +∞.
Further steps follow the canonical method of Wiener
and Hopf. We introduce ’left’ and ’right’ fields according
to E∗L(x) = ϑ(−x)E∗(x), E∗R(x) = ϑ(x)E∗(x), and apply
the Fourier transform to the both sides of the equation
4:
E˜∗L(q)K
(1)(q) + E˜∗R(q)K
(2)(q) =
=
√
k2 − q2
ik
η2 − η1
kx − q
E0 sin θ
1 + η1 sin θ
. (5)
Above, E˜∗R(q) and E˜
∗
L(q) are Fourier transforms of the
functions E∗L(x) and E
∗
R(x), and
K(i)(q) = 1 + ηi
√
k2 − q2
k
, i = 1, 2 (6)
3k
-k
FIG. 2. The cut plane for the variable q. The cuts are repre-
sented by the black dashed half-lines. The gray dashed lines
show the domains of regularity of functions appearing in the
equation 11. The contours of integration Cl, Cr and C are
depicted by the solid gray lines.
is the dielectric function of innite 2d system with con-
ductivity ηi. The functions K
(i)(q) appear in various
scattering problems involving extended 2DES, e.g. dipole
radiation over a conducting plane22. The zeros of K(i)(q)
yield the dispersion of 2D plasmons q
(i)
pl . Once the wave
vector q is close to qpl, the q-th Fourier component is res-
onantly enhanced. This fact is easily observed in scatter-
ing problems involving extended 2DES. To make a similar
observation in a problem involving 2D junction, we need
to make some extra steps.
First, we specify the branch cuts ofK(i)(q) which coin-
cide with branch cuts of the z-component of wave vector
kz(q) =
√
k2 − q2. We choose them to be rays starting
at q = ±k and directed to infinity (see fig.2). The choice
of branch for kz(q) is determined by kz(0) = k. Once
dielectric function is defined over the complex plane, we
can write the solutions of K(i)(q) = 0 yielding the dis-
persion of 2D SPPs
q
(i)
pl = ±kz(k/ηi) = ±k
√
1 + (iηi)−2. (7)
For passive systems with η′ > 0, the wave numbers qpl
have positive imaginary part such that q′′pl > k
′′.
Further solution requires splitting of functions appear-
ing in Eq. 5 into those analytic in upper and lower half-
planes of complex q-plane, and having the common strip
of analyticity. It is apparent that EL(q) and ER(q) are
analytic in upper (UHP) and lower (LHP) half-planes,
respectively. It is now necessary to find the factorization
of K(q) = K+(q)K−(q), where K+ and K− are analytic
in the UHP and LHP, respectively.
The problem is solved in two steps: first, one decom-
poses the log-derivatives of K±(q) into the sum of func-
tions analytic in UHP and LHP; second, these expres-
sions are integrated. According to the result of Noble13,
the log derivatives d lnK±/dq can be chosen in the form
d lnK±(q)
dq
=
ik
2η
[
f±(q)− f±(qpl)
q − qpl +
f±(q)− f±(−qpl)
q + qpl
]
,
(8)
where
f±(q) = − 1
pikz(q)
ln
±q − ikz(q)
k
. (9)
The result of integration of (8) over dq can be expressed
via the dilogarithm function Li2(z):
K±(q) = ξ
− 1
2
± exp
[
i
2pi
(
Li2 (1 + z)|z1ξ±−z1ξ±−Li2 (1 + z)|
z2ξ±
−z2ξ±
)]
,
(10)
where we use the notations f(x)|x2x1 = f(x2)− f(x1),
ξ±(q) =
±q − ikz(q)
k
,
z1 = ξ+(qpl) = i
[
1/η − ikz(k/η)
k
]
, z2z1 = 1.
Here the branch cut for each of Li2 function and for the
square root must not intersect the branch cut of the its
argument as a function of q, which corresponds to the
branch cut for q shown at fig.2.
After the procedure of factorization, Eq. (5) takes the
form
E˜∗L(q)M+(q)−
C
(1)
F
i
M+(q)−M+(kx)
kx − q
= −E˜∗RM−(q) +
C
(1)
F
i
M−(q) +M+(kx)
kx − q , (11)
where
M+(q) = K
(1)
+ (q)/K
(2)
+ (q), M−(q) = K
(2)
− (q)/K
(1)
− (q),
C
(i)
F =
E0 sin θ
1 + ηi sin θ
, i = 1, 2.
It can be seen that the RHS and the LHS of the
equation 11 are regular in the lower half-plane (ℑq <
ℑ(k cos θ)) and upper half-plane (ℑq > ℑ(−k)) corre-
spondingly and tend uniformly to zero as |q| → ∞. On
applying the Liouville’s theorem, we conclude that both
left and right-hand sides are identically zero. Thus, we
arrive at the solution for Fourier-transformed fields:
E˜∗L(q) = −
iC
(1)
F
q − kx
{
1− M+(kx)
M+(q)
}
, (12)
E˜∗R(q) =
iC
(1)
F
q − kx
{
1− M+(kx)
M−(q)
}
. (13)
4The inverse Fourier transform should be taken along the
contour C being the straight line lying within the strip
ℑ(−k) < ℑq < ℑ(k cos θ):
ER(x)
C
(1)
F
= − iM+(kx)
2pi
∫
C
eiqx
q − kx
K
(1)
− (q)
K
(2)
− (q)
dq, (14)
EL(x)
C
(1)
F
= eikxx − iM+(kx)
2pi
∫
C
eiqx
q − kx
K
(2)
+ (q)
K
(1)
+ (q)
dq. (15)
To provide physical insights into the structure of the
field, it is instructive to derive an alternative represen-
tation for inverse Fourier transforms (15) and (14). For
x > 0, we can close the path of integration C in 14 in
the upper half-plane and apply the residue theorem with
Jordan’s lemma. Within the closed contour, the inte-
grand has a pole at the point q = kx. It corresponds to
the field repeating the spatial structure of incident wave.
Second, it has a first-order pole at q = q
(2)
pl being the
zero of K
(2)
− (q) in the UHP. Physically, it corresponds to
SPPs supported by the medium with conductivity η2.
23
Denoting the integrand in Eq. (14) for the ’right’ field
by F (q), we present the result of integration as∫
C
F (q)dq = 2pii(Res[F, qpl] + Res[F, kx])
−
(∫
Cr
F (q)dq +
∫
Cl
F (q)dq
)
, (16)
where Cl, Cr are the left and the right lips of the branch
cut, shown in the figure 2. Similar reasoning can be re-
peated for EL(x) at x < 0 by closing the integration path
in the LHP. However, the pole at q = kx is now outside
of the closed loop. The pole at q = −q(1)pl may fall within
the loop for certain values of conductivity. Still, as soon
as we are interested in metal-contacted (σ1 =∞) or ter-
minated 2DES (σ2 = 0), the plasmon poles in the LHP
are also absent.
III. ANALYSIS OF THE SOLUTION
The above solution of diffraction problem is applica-
ble to any junction of 2d materials with dissimilar con-
ductivities σ1 and σ2. Below, we will analyze the fields
for the cases of main interest in plasmonic experiments:
terminated 2DES (σ1 = 0) and metal-contacted 2DES
(σ1 =∞). These fields will be supplied with superscripts
(0) and (∞), respectively.
A. Spatial profile of the field
The field generated upon diffraction in 2DES (x > 0)
can be represented as a sum of three components with
physically transparent meaning. The first one is the same
as upon scattering at extended system, it repeats the spa-
tial structure of external field and is most simply found
from Fresnel’s matching conditions. We call it ’free-field
contribution’; it is given by
E0,∞F (x) =
E0 sin θe
ikxx
1 + 2piσc sin θ
. (17)
The second one represents near-field harmonics ex-
cited non-resonantly near the edge, which we denote Ee.
Mathematically, it comes from the integration along the
branch cut of the Green’s function, and is given by
E
(∞)
e (x)
E0
= −cos
θ
2e
ikx+3ipi/4
piK+(kx)
×
∞∫
0
dτ
√
2τK+[k(1 + iτ)]e
−kxτ
[1 + iη2τ(2 + iτ)]
[
iτ + 2 sin2 θ2
] , (18)
E
(0)
e (x)
E0
= −η sin θe
ikx+3ipi/4
piK+(kx)
×
+∞∫
0
dτ
√
τ (2 + iτ)K+[k(1 + iτ)]e
−kxτ
[1 + iη2τ(2 + iτ)]
[
iτ + 2 sin2 θ2
] , (19)
Such contribution decays rapidly at distances x ≫ k−1
from the edge according to the law eikx/(kx)3/2.
The component of our main interest is the sur-
face plasmon-polariton generated upon edge diffraction.
Mathematically, it comes from the residue of the inte-
grand at q = qpl. The plasmon field oscillates in space
according to Epl(x) = Epl(0)e
iqplx, while the wave am-
plitudes are given by
E
(∞)
pl (0)
E0
=
√
2iη−2 cos
θ
2
K+(qpl)
K+(kx)
√
k3(qpl − k)
qpl(qpl − kx) , (20)
E
(0)
pl (0)
E0
= η−2 sin θ
K+(qpl)
K+(kx)
k2
qpl(qpl − kx) . (21)
An example of the calculated current Rej
(∞)
x (x) as well
as its component-wise expansion are shown in Figs. 3 (A)
and (B), respectively. The short-period fringes of plas-
monic component are ’threaded’ on Fresnel-type current
with longer period 2pi/(k cos θ) and on decaying edge field
with period 2pi/k.
It is remarkable that plasmonic interference pattern is
formed in the profile of ’intensity’ |Ex(x)|2 despite there
are no reflected waves to interfere with. An example of
such pattern is shown in Fig. 3(C). Actually, the interfer-
ence occurs between plasmon field Epl(0)e
iqplx and other
two long-period components Ee(x)+EF (x). We have ver-
ified that the main contribution to |Ex(x)|2 comes from
squared modulus of plasmon field |Epl(x)|2 and its inter-
ference with free field, 2ReEpl(x)E
∗
F (x), at least in the
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FIG. 3. Calculated diffraction patterns for metal (x <
0)/2DES (x > 0) contact in the junction plane (z = 0): (A)
Real part of electric current density (normalized by cE0) (B)
Expansion of the net current into Fresnel, edge, and plas-
monic components (shown with red, green, and orange lines,
respectively) (C) Squared amplitude of in-plane electric field.
Inset shows the periods of fringes determined as spacing be-
tween maxima in (A) [blue dots] and (C) [red dots], dashed
lines show the expected period of fringes from analytical con-
siderations. Calculations were performed at η2 = 0.3i+ 0.01,
θ = pi/6
limit |η2| ≪ 1. These observations should simplify the
interpretations of near-field plasmonic experiments5.
The spatial profile of intensity near the edge should
oscillate with three characteristic wave vectors |qpl− kx|,
|qpl−k|, |k−kx|, as there are three running waves starting
at the edge. However, the decay length of Ee(x) is or-
der of oscillation period, and the interference with wave
vector k is inactive. It is remarkable that commonly ac-
cepted5,10 oscillation with spatial period of λpl is, strictly
speaking, absent in the intensity profile. The true spa-
tial period is longer due to plasmon-photon interaction,
and is given by 2pi/(qpl − kx) [inset to Fig. 3(C)]. On
the other hand, the period extracted from complex field
amplitude in Fig. 3 is uniquely related to plasmon wave-
length and equals 2pi/qpl. These facts make extraction
of plasmon dispersion from mapping of near fields a non-
trivial problem, especially if the conductivity of 2DES
approaches the speed of light24,25.
Having an exact solution for edge scattering, it is in-
structive to comment on the frequently mentioned field
enhancement at the edge. For terminated 2DES, there’s
no current flow into the edge, and hence E(x→ +0) = 0.
At the same time, the dynamically-induced charges at
the edge produce singular field outside of 2DES, E(x→
−0) ∝ x−1/2. In metal-contacted 2DES, the current is
continuous across the edge, and approaches a universal
value cE0/(2pi) on the metal surface far away from the
junction. Therefore, field at the edge of 2DES can be
estimated as E0(c/2piσ). It is differs from incident field
by the factor c/2piσ, which is above unity for 2DES with
moderately low conductivity.
B. Plasmon launching efficiency
The functions (20) and (21) evaluated at x = 0 can
be called ’amplitude conversion efficiencies’ between free-
space photons and 2D SPPs and are applicable at any
value of scaled 2DES conductivity η = 2piσ/c. Here,
we will focus on weakly dissipative systems, η′′ ≫ η′,
though the case of good conductors with ’superluminal’
conductivity η′ > 1 ≫ η′′ may also present considerable
interest26.
Evaluating these conversion efficiencies vs angle of in-
cidence at different η′′, we observe remarkably differ-
ent patterns for metal-contacted and terminated 2DES
(Figs. 4 and 5, respectively). The conversion at
metal/2DES junction steadily grows with reduction in
η′′ as (η′′)−1/2:
R(∞) ≈ 2e
1
2
cos θ|η|
|η|1/2 cos
θ
2
. (22)
This fact can be attributed to enhancement of electric
field near the metal edge contacting with weakly con-
ducting 2DES. Remarkably, the conversion efficiency can
much exceed unity, as evident from both analytical ex-
pressions and calculations shown in Fig. 4. This does not
contradict the energy conservation, as the plasmon free
path also shrinks as |η| → 0. From the other hand, it
is impossible to define a dimensionless energy conversion
coefficient in our scattering problem, as the extent of in-
cident wave is infinite, while plasmon is localized at finite
length.
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FIG. 4. Efficiency of photon-to-plasmon conversion upon
diffraction at metal-contacted 2DES (A) vs angle of incidence
at various ratios η′′ = 2piσ′′/c (B) vs conductivity η′′ at three
angles of incidence. Dashed lines show analytical approxima-
tions [Eqs. (22) and (23)] applied for cases of small and high
conductivity.
Another interesting observation from Fig. 4 (A) is max-
imization of photon/plasmon conversion coefficient at a
gliding incidence. This fact is surprising due to absence of
in-plane component of electric field in the incident wave.
Despite that, electric current density in a perfect con-
ductor stays at the finite value (j ∼ cHinc) necessary
to screen the incident field, independent of the angle.
We may speculate that it is the current density in metal
contact, not the incident electric field, that launches a
surface wave in 2D electron system27.
The plasmon launching by metal/2DES junction be-
comes inefficient at η′′ ≫ 1 and scales as (η′′)−3:
R(∞) ≈ 2e
− θ csc θ
pi|η|
|η|(1 + 4|η|2 sin2 θ/2) . (23)
We can speculate that metal and 2DES become electro-
magnetically indistinguishable in such limit, and the edge
is effectively ’washed out’.
The scaling of conversion efficiency for terminated
2DES is different. With reduction in 2DES conductiv-
ity, it approaches a universal limit of
√
2 sin θ. To the
next order in |η|, it reads
R(0) ≈
√
2 sin θe−
1
2
|η| cos θ 1 + |η| cos θ
1 + |η|
2
2
. (24)
Finiteness of R at nearly-zero 2DES conductivity is quite
remarkable; one might expect the diffraction to be absent
as the incident light meets no obstacle. In reality, both
plasmon wavelength and decay length shrink at σ′′ → 0,
and finite plasmonic fields exist in progressively smaller
domains. Therefore, diffraction vanishes at σ → 0 on
average.
In the opposite limit η ≫ 1, the conversion efficiency
for terminated 2DES also vanishes as (η′′)−2
R(0) ≈ 4 sin θ/2
1 + 4|η|2 sin2 θ/2 . (25)
0.0
0.2
0.4
0.6
0.8
1.0
1.2
1.4
Angle of incidence D
- /2p + /2p0- /4p p/4
0.06
0.6
3.1
6.3
12
0.12
h ps’’=2 ’’/c=
0.3
0.01 0.05 0.1 0.5 1.0 5
0.1
1.0
0.5
0.2
2.0
0.3
1.5
0.7
C
o
n
ve
rs
io
n
 e
ffi
ci
e
n
cy
/
E
E
p
l
0
2DES conduc#vity ’’=2 ’’/ch ps
C
o
n
ve
rs
io
n
 e
ffi
ci
e
n
cy
/
E
E
p
l
0
~( )h’’
-2
a = 0
a p= - /4
a p= /4
(A)
(B)
FIG. 5. Efficiency of photon-to-plasmon conversion upon
diffraction at terminated edge of 2DES vs angle of incidence
at various η′′. Three lowest dashed lines show analytical ap-
proximation (25) valid at high conductivity, upper dashed line
shows the limiting conversion efficiency
√
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7IV. DISCUSSION AND POSSIBLE
EXTENSIONS
We have presented and analyzed an exact solution for
electromagnetic wave scattering at the junction of 2d
electron systems with dissimilar conductivities σ1 and
σ2. Our solution enabled the analysis of conversion be-
tween free-space electromagnetic waves and SPPs at such
junction. Remarkably, this technique can be extended to
a wide variety of electromagnetic problems involving 2D
junctions, which we retain for further studies. Partic-
ularly, it is possible to study the scattering of surface
waves by a step-like contrast of 2D conductivity or even
by and edge of metal gate with uniform 2DES beneath
it. Such studies are important for design of plasmon-
enhanced photodetectors28,29, and were addressed previ-
ously only with numerical30,31 or approximate32–34 tech-
niques35.
Possibly the most restrictive assumption of our analy-
sis was the uniformity of dielectric properties of materials
enclosing the junctions. Once the dielectric permittivi-
ties of upper (εu) and lower (εl) materials are dissimilar,
the functions appearing in Eq. (5) should be modified
according to:
E0 sin θ → 2E0 sin θ√
εl
εu
sin θ
sin θ′ + 1
, (26)
K(i)(q)→ 1 + 2ηiεu√
k2u−q
2
+ εl√
k2l−q
2
, (27)
where ku,l = ω
√
εu,l/c are the wave vectors in upper
(lower) dielectric material. While the replacement (26)
is readily performed in all our final results, the explicit
factorization of (27) looks a challenging problem36. We
may suggest that replacement η = 2η/(εu + εl) would
well describe the efficiency of plasmon launching by 2d
edge residing between dissimilar dielectrics, at least in
the case |η| ≪ 1. Our expectation is based on the fact
that dielectric functions of 2DES K(i)(q) depend only on
average permittivity (εu + εl)/2 in the short-wavelength
limit q ≪ k.
The obtained structure of the diffracted field is deter-
mined fully by the angle of incidence and scaled 2DES
conductivity η. The latter can be depend on frequency ω,
and such dependencies were studied in detail for graphene
and other 2D materials, as well as for III-V based quan-
tum wells. Irrelevance of functional dependence η(ω)
comes from the fact that solution is performed in spatial
domain, with the radiation frequency fixed. Yet, we lim-
ited ourselves to the local models of conduction where
electric current j(x) is proportional to electric field at
the same point, E(x). The presence of carrier diffusion
and/or viscosity37 invalidates local conduction models in
the ’transition layer’ in immediate vicinity of the edge.
We can estimate the size of this region as ∼ vF /ω, where
vF is the characteristic electron Fermi velocity in 2DES
38.
Inclusion of non-local conduction into exact Wiener-Hopf
solution technique is possible within hydrodynamic ap-
proach to electron transport39.
The diffraction of obliquely incident electromagnetic
wave can be also handled with Wiener-Hopf technique,
though it leads to a system of Wiener-Hopf equations.
Fortunately, equations of such system are readily decou-
pled40. The problem of oblique incidence is tightly linked
to the problem of edge plasmons41, which behaviour in
the presence of retardation was so far studied only with
approximate methods42.
The presented solution for electromagnetic scattering
by the junction of 2d electron systems can be considered
as a first step toward quantitative near-field microscopy.
Indeed, once our solution is generalized to the case of
oblique incidence, it is straightforward to consider dipole
radiation over a 2d junction. Registration of such radia-
tion from the sub-wavelength tip is the basis for near-field
microscopy.
This work was supported by the grant # 16-19-10557
of the Russian Science Foundation. The authors thank
Aleksey Nikitin for valuable discussions.
Appendix A: Derivation of integral equation for
diffraction
Electric field generated upon diffraction at a linear
junction of 2DES is the superposition of incident field
Einc(r) and field induced by charges and currents in
2DES Eind(r):
E(r, t) = Einc(r, t) +Eind(r, t). (A1)
Incident field represents a harmonic p-polarized electro-
magnetic wave:
Einc(r, t) = E0e
ikx cos θ−ikz sin θ−iωt, (A2)
E0 = {E0 sin θ, 0, E0 cos θ}. (A3)
We shall skip the harmonic time dependence e−iωt by
passing to the Fourier components Eω(r).
Induced field Eind(r) emerges due to currents (with
bulk density Jω(r) ) and charges (with bulk density
Qω(r) ) in 2DES. Relation between them is most eas-
ily found from fundamental solution of wave equation for
the scalar ϕω and vector Aω in the Lorentz gauge:
A(r, t) =
1
c
∫
conductor
Jω(r
′)eik|∆r|
|∆r| dr
′, (A4)
ϕ(r, t) =
∫
conductor
Qω(r
′)eik|∆r|
|∆r| dr
′. (A5)
In the above equations, the integration is performed over
the volume of conductor, ∆r = r′ − r is the distance
between observation point and location of charge/current
element, k = ω/c is the wave number. The term eik|∆r|
is responsible for the retarded nature of electromagnetic
potentials.
8We now use the two-dimensional nature of the con-
ductor and pass to the sheet current and charge densi-
ties, Jω(r) = jω(x)δ(z), Qω(r) = ρω(x)δ(z). Integra-
tion in (A4) and (A5) over vertical coordinate is triv-
ial. Integration along the edge (y-coordinate) can be ab-
sorbed into the definition of electromagnetic propagator
(Green’s function)
G(k|x−x′|) =
∞∫
−∞
dyeik[(x−x
′)2+y2]1/2√
(x− x′)2 + y2 = ipiH0 (k|x− x
′|) ,
(A6)
where H0 is the Hankel function. In this notation, the
potentials are linked to charges and currents as
Aω(r) =
ipi
c
∫ ∞
−∞
dxjω(x
′)H0(k|x− x′|), (A7)
ϕω(r) = ipi
∫ ∞
−∞
dxρω(x
′)H0(k|x− x′|). (A8)
Further, we shall express all quantities (A, ϕ, ρ, j) via
electric field. If the H-field is directed along the edge
(y-axis), all quantities can be expressed via Ex. First,
we use the relation between E and retarded potentials:
Eω = −∂ϕω
∂r
+
iω
c
Aω . (A9)
Second, charge density is linked to current density via
continuity equation
− iωρω + ∂jxω
∂x
= 0. (A10)
Combination of (A7), (A8), (A9) and (A10) leads us to
Eq. (1) of the main text (subscript ω is skipped):
Ex(x) = E0 sin θe
ik cos θx−
− pi
kc
{
k2 + ∂2x
}∫ ∞
−∞
jx (x
′)H0(k|x− x|)dx′. (A11)
We note that changing the order of taking the deriva-
tive and integration over x′ is possible if current density
at the junction is continuous. This is indeed the physi-
cal case: discontinuity of alternating current would lead
to accumulation of linear charge density at the junction.
The latter could produced unphysical log-divergent po-
tentials and infinite electric fields.
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